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Abstract 

From the time-independent current J~(y, k) in the quantum self-dual Yang-Mills 
(SDYM) theory, we construct new group- valued quantum fields U(y, k) and ?7 _1 (y, k) 
which satisfy a set of exchange algebras such that fields of J{y , k) ~ U(y,k) dy U~ l (y, k) 
satisfy the original time-independent current algebras. For the correlation functions 
of the products of the U(y,k) and k) fields defined in the invariant state 

constructed through the current J{y, k) we can derive the Knizhnik-Zamolodchikov 
(K-Z) equations with an additional spatial dependence on k. From the U(y, k) and 
f/ _1 (y, k) fields we construct the quantum-group generators — local, global, and semi- 
local — and their algebraic relations. For the correlation functions of the products 
of the U and U^ 1 fields defined in the invariant state constructed through the semi- 
local quantum-group generators we obtain the quantum-group difference equations. 
We give the explicit solution to the two point function. 



One of the pressing problems in particle physics is to formulate four- dimensional (4- 
D) quantum field theory nonperturbatively and to find nonperturbative quantum-field- 
theoretical solutions to the Yang-Mills equations for strong interactions, as well as to quan- 
tum gravity. The path we have taken in this pursuit of nonperturbative results has been 
through the integrable-system method. The main important framework the integrable- 
system provides is the possibility of formulating the field theory in terms of group-valued 
local fields. This is a nontrivial starting point for 4-D gauge theory with nonvanishing 
curvatures. In this formulation the self-dual Yang-Mill (SDYM) theory is the simplest, yet 
important prototype to work out[|I|. 

In Ref. we succeeded in formulating the quantum SDYM field theory in terms of the 
group- valued local quantum field J, J|. We obtained the interaction Hamiltonian of the 
J fields, derived the exchange algebras that the J fields satisfy, showed that the J fields 
are bimodule quantum fields and the R matrix of the exchange algebras satisfies the Yang- 
Baxter relations so that the products of the J fields satisfy associativity, and we developed 
normal-ordering procedure for the products of fields. From the J fields, we constructed 
local currents and their algebras. We found that the integrated currents in a particular 
spacial dimension and their current algebras are actually time-independent, i.e. the currents 
commute with the interaction Hamiltonian. This is a new feature in this 4-D quantum field 
theory. In Ref. we constructed a time-independent local monodromy matrix To from 
this time- independent currents and derived its local exchange algebra R T ToTo = ToToR T 
which contains two infinitesimal forms, the time-independent infinite local charge algebras 
and the infinite local Yangian algebras. In this paper we develop further the implications 
of these time-independent currents. 

From the time- independent currents J~(y,k), we construct new group- valued quantum 
fields U(y,k) and U^iy, k) that satisfy a set of exchange algebras such that fields of 
J{y,k) ~ U(y,k) dy t/ _1 (?/, k) satisfy the original time-independent current algebras. 
(Through out the paper we use letters with superscript " ~ " to indicate quantum operator 
fields.) For the correlation functions of the products of the U(y,k) and U~ l (y,k) fields 
defined in the invariant state constructed through the current J~(y, k) we can derive the 
Knizhnik-Zamolodchikov (K-Z) equations]^] with an additional spatial dependence on k. 
We can obtain the n-point correlation functions of the U(y,k) and U~ l (y,k) fields; they 
are expressible in terms of the correlation functions of the quantum WZNW theory in 
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two-dimensions (2-D) with coefficients being unknown functions of k, one of the additional 
spatial coordinates in four dimensions. 

From the U(y, k) and U~ 1 (y, k) fields we can also construct the quantum-group gener- 
ators — local, global, and semi-local — and their algebraic relations. For the correlation 
functions of the products of the U and U~ x fields defined in the invariant state constructed 
through the semi-local quantum-group generators, using the method given by Frenkel and 
Reshetikhinf6|] we obtain the quantum-group difference equations. We give the explicit 
solution to the two point function. 

With these results, we have exposed many important quantum integrability part of 
this 4-D interactive theory. As expected, the 4-D interactive theory is not, and should 
not be, as fully integrable as integrable systems in 2-D. However it is to important to 
find out the quantum-field-theoretical integrability properties of the theories which have 
many classical integrability properties. This experience in formulating the quantum SDYM 
from integralable-system point of view has now prepared us to investigate fuller 4-D field 
theories. 

The Quantum SDYM System: Hamiltonian, Exchange Algebras, Critical Exponents, 
Normal- Ordering, and Current Algebras 

First we briefly review the quantum SDYM theory formulated in our previous paper 0. 
It is characterized by a quantum field Hamiltonian 
H mt = -ajdy a 2 S fc S s ^Tr{(d k J){d k J^ 1 )} 



+ Jo 1 dpTr{(d p J)[(d k J ){d k J)-{d k J )(d- k J)}(J )} 




where, in the case of sl(2), J = J(y, y, k, k) is a 2 x 2 matrix with non-commuting operator- 
valued entries depending on the 4-d coordinates y, y, k, k; and y is the time. (Here we 
present the theory with z and z coordinates discretized: z = ka, z = ka, and a = l/N is 
the lattice size.) The field J = j(p; y, y, k, k) depends on a parameter p and J(p = 1) = J. 

The quantum J fields satisfy the following exchange algebras: 

Ji(y,yi,ki,ki)Jn(y,y2,k2,h) _ , 2 ) 
= h,nJn(y, 2/2, k 2 , k 2 )Ji(y, y 1} h, k x ) R I U (q, y x - y 2 ) , 

where 

Rl,n(q,yi-V2) = Pi,n{[q] Al £{ ^ 2) V] 12=1 - [q] Ao ^^PjUo} , (3) 
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and 



e(yi - y 2 ) = -[ln(yi - y 2 + is) - ln(y 2 -yi + is))/iri 
s(yi - y 2 ) = ±1, for i/i > y 2 ; 



(4) 



(5) 



e(yi - 2/2) = 0, for yi=y 2 ; (6) 
q = e -^ h /^ aa2 ^ 5 H''2 5 k 1 k 2 ^ (7) 

where a is the coefficient in front of the SDYM interaction Hamiltonian, Eq. ([[J); Ai = 
2§(§ + l)- 1(1 + 1) = -1/2 and A = 2§(± + l) -0(0+1) = 3/2 are differences ofconformal 
dimensions of two spin | fields minus that of a spin j\ 2 = 1 and fields, respectively ; and 
the Vj 12 's are the g-ed projection matrices projecting the two spin 1/2 states into ji 2 = 
or 1, satisfying Vl„V% = Vl.Sj ,„,/ . In the more explicit expressions 

J ±z J \'2, " **12 

P^^diag{l l( l(j^,l} , (8) 

where d = l/(g + g" 1 ). The q-ed singlet projection matrix is related to the triplet one 
by Vj 12=0 = 1 — Vj 12=1 . The matrix Piji interchanges matrix in space I to II and vis 
versa, e.g., Pi t nJj{y, Vi, fa, fa)Jn(y, y 2 , fa, fa) = Ju(y, Vi, fa, fa)Ji(y, y 2 , fa, fa)Pi,n, and its 
explicit representation is Pi t n — \ + § ULi a i a n = Pjm=i ~ ^'12=0! nere the Vj 12 s are the 
un-g-ed ordinary projection matrices, i.e., Eq. ([8]) with q — 1. The subscripts I and II 
denote the tensor spaces that the operator matrices or c-number matrices operate on. This 
tensor notation saves us the trouble of writing out the indices of the matrix elements; in 
terms of the matrix elements, Eq. (Q) reads 

Jmi,ai (y, Vl, fa, fa)Jm 2 ,<x 2 (y, 2/2, fa, fa) 

= 5 muh S m2: i 2 J hA (y, y 2 , fa, fa)J hA (y, y x , fa, fa)Rp lA;aiia2 {q, m - y 2 ). (9) 

Using another fact lijj = Vj 12= i + Vj 12= o, we can easily prove that at f/x = y 2 , the 
exchange algebra Eq. (g) gives 

PhJi{y,yi,fa,fa)Jn{y,yi,fa,fa) = Ji(y,yi,fa,fa)Jn(y,yi,fa,fa)V] 12 t (10) 
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where j 12 = 0, 1. Eq. (|T0|) implies V jl2 Ji{y, y u fa, fa) J n (y, y u fa, fa)^f 12 = 0, for j 12 ^ j' 12 . 
This and the later development of the quantum group generators rely crucially on our 
interpretation of the R matrix at the coincidence point, Eq. (0). We denote Rjjj(q,yi — 
m) = Ri,n{q, +), for 2/i — 2/2 > and R I:II (q, y x - y 2 ) = Ri,n{q, -), for y x - y 2 < 0. Note 
that [Ri,u{q, = Rn,i{q, -); -)]" 1 = i2zr,j(?, +)• 

The expression for e(j7i — I/2), Eq. (||), indicates that the product Ji(yi)Jn(y 2 ) has 
singularity at j7i — 2/2 = with the definite critical exponents given by 

PjuJiiy, Vh fa, fa)Jn(y, V2, fa, fa)v^ (u) 
= (yi-y2) A ^ lnq)/wi {:V j J I (y,y h fa^ . 1 j 

(We call the power of the singularity A jl2 (/n q)/m 

the critical exponent of the product of the two J fields.) This also defines the normal- 
order products to be those in the curly brackets; their Taylor expansions give the operator- 
product expansions. 

We then defined the J -1 field by the following fixed-y-time equation 

J{y,y,k,k)J~ 1 {y,y,k,k) = 1 = J- 1 (y,y,k,k)J(y,y,k,k) . (12) 

From Eqs. (|T2|) and (0), we can easily show that the J -1 field satisfies the following fixed- 
y-time exchange algebras 

JT 1 (v,Vi l fa,fa)jn(VjV2,fa,h) _ / 13 x 

= Jn(y,y2,fa, fa)Riji{q, m -m) Jf 1 ^, Vi,fa, fa) , 



and 

JF 1 (y,yi,fa,fa) J n 1 (y,y2 l k 2 ,fa) 

= Riji(q,yi-y2)Jn\y,y2,fa,fa)JF 1 (y,yi,fa,k^ 



The construction of this J 1 field is crucial for us to develop the full content of the theory 
in terms of the group- valued fields. 

From H int and the exchange algebra Eq. @), we derived the equation of motion 

OyiJdyJ- 1 ) = ~[H, JdyJ- 1 ] = tt^ k (J O^J ^) . (15) 

% 

From fields J and J~ x , we constructed the sl(2) current 

j(y,V,k,k) = 2a Jdy J~\y,y,k,k) . (16) 
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We then showed that the following equations can be easily derived from the exchange 
algebras Eqs. (§), flT3|), and ([14]), 

di(y,vi, fa, fa),jn(y,y~2, fa, fa)] = -ih[M Ijn , jn{y,y~2, fa, fa)] $(yi - y2)5 kl k 2 k 1 k 2 / a ' 2 

-ih2a M I;II - y2)5 kl k 2 k 1 k 2 /a 2 , (17) 

\ji{y,yx,fa,fa),Jn{y,y~2,fa,fa)] = -ihM ItII Ju{y 2 ,fa,fa) s (y~i -^h^h^/a 2 , (is) 
[h(y,yi,fa,fa),JTi 1 iy,y2,fa,fa)} = iMFi 1 (y2,fa,fa)M IJI sfa - y 2 )5 kl k 2 h 1 k 2 /a 2 , ( 19 ) 

where M LII = P I>n - \ = \ E^ = i = -2 ELi and [X a , X b ] = e abc \ c . Eq. flT7|) is 

the current algebras of the currents j. Taking trace of Eq. ( |TTD onto A" and X b n we can eas- 
ily obtain current algebras in terms of the Lie-components of the current \j a (y~i),j y/2)] = 
ihe^fiy!) S{y! - y 2 ) S klk2 8 hk Ja 2 - %K5 ab 8'{y x - y 2 ) S klk J h - k Ja 2 , where 
K = m[a 2 ln{q) kl=k2 fc 1= fc 2 ] _1 = —Ana/h . Eq. (|i~8]) indicates that the left side of J forms 
the fundamental representation of the current j; Eq. ( |I9|) indicates that the right side of 
J -1 forms the fundamental representation of the current j. However, all these relations are 
fixed time relations because j varies with time y, i.e., [j, H] ^ 0. 

Notice that we can easily obtain the continuum form of the current algebra by taking 
a — > and S klk2 /a — > 5{z\ — z 2 ) and S klk2 /a — > 8{z\ — z 2 ). 

As pointed out in Ref. || the fc-summed current 

J{y,k) = aE k j{y,k,k) , (20) 

is constant in time y. It can be shown by directly calculating [J~, Hi n t] = or by summing 
the equation of motion in k , Eq. (|T5|). (Since J is time-independent we do not put y 
dependence in J(y, k).) Summing in k, notice that J2ki $kik 2 = 1, from Eqs. flTTD to (|T9| ) 
we obtain the corresponding algebras, 

[Ji(yi, fa), Jn(y~2, fa)] 
= -ih[M I>n ,J n (y 2 ,fa)] 5(yx - y 2 ) 5 klk2 /a - ih2al M I>n 8'{y x - y 2 )8 klk2 /a, (21) 

[Ji(Vi, fa), Jn(y~2, fa, fa)] = -ihM I>n J n (y 2 , fa, fa) S(yi - y 2 )S klk Ja , (22) 
[Ji(yi, fa), JJi l {y2, fa, fa)] = ihJjj 1 ^ fa, fa) M I>n <J(yi - y 2 )5 klk2 /a , (23) 

Taking trace of Eq. fl2~T|) onto Aj and X b n we can easily obtain the current algebras in terms 
of the Lie-components of the current {J a {y~i), J/ (2/2)] = iTi£ abc J c {yi) S(y~i — y 2 ) S klk2 /a — 
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^K'8 ab S'(yi — y 2 ) Sfafa/a, where K' = KNa = Kl. The corresponding continuum 
equations can also be easily obtained. 

K-Z Equations for the Correlation Functions of the Products of the Group-Valued Local 
Fields U(y, k) and t/ _1 (?/, k) 

Next we can construct new time-independent group- valued local fields U (y, k) and 
U" x {y, k) such that 

Jj(y u h) = 2al Ujdy, Ui\yu h) , (24) 
and the U and U~ l fields satisfy the following exchange algebras 

Ui(yi, h) Un(y 2 , h) = Un(y~2, h) Ui(Vi, h) Ri,n (<?', 2/1 - 2/2) , (25) 

UB\V2M) Ui(Vi,h) = UiiVuh) RijrW,yx-V2) UiHfah) , (26) 
UT\vx,h) Un-fa,h) = RiAq',yi-m) u^fah) UT\yi,h) , (27) 

where 

4 = = (q 1/N ) kl=k2 (28) 

and K' = in[a ln{q')% l= i^~ l . These exchange algebras guarantee the current algebras of 



J, Eq. fl2T|), and also gives the following algebra 

[JiiSi, ki), U n (V2, k 2 )\ = -ihM It n U n (y 2 , k 2 ) 5{y~i - y 2 )S^Ja , (29) 

[Jjim, h), [Unfa, h)}- 1 } = ih[U n (V2, hT'Mjjj 5{y 1 - y 2 )8- kl - k Ja > ( 30 ) 
and the algebra with U~ l (y, k). From 

2ttz 8{y x - y 2 ) = - 1 - ^— , (31) 

2/1 - 2/2 - i£ 2/i - 2/2 + 



the commutator equations Eqs. (jTTQ to ( |i9l) can be written out in the commonly used 
operator-product-expansion forms (which we leave as exercises for the reader). 

Let us make the decomposition 

J(yi,h) = J + (yi,h)-J~(yi,h) , (32) 

with satisfying the following algebras 

-h 1 

2vr 27i - y 2 + is 



[Jt{yu h), Jn(V2, h)} = ^— - \M hIU (jf U, h) + Jn fe, k 2 ))]S h kJ a 

/,1T ?/i — ?/o — I— l.f- * ^ ' * ' ' 



(33) 



t 1 

[Jf(yi, h), Ju(y~2, h)] = 15-- = [Mux, (j+ (yi, h) + J u (y 2 , fc 2 ))]<W £ 



h 



27r (yi -y 2 - ie) 



2al Mi^S^/a 



(34) 



[Jf(yx, h), Unfa, h)} = ~7T~~ ~ = M i,n Uii(m, k 2 )5- kl - k Ja , (35) 

27r yi - y 2 =F ie 



so that Eqs. (|T]) 



and (|30D are guaranteed. 

Because of the singularities in the products of fields, we must prescribe the normal- 
ordering procedure and make consistency checks. The goal is to obtain the following rela- 
tion: 

c dyU=:JU:, (36) 

where : JU := —J + U + (U Tn (J~) TlI ) Tn and c is a constant to be determined by the 
normal-order procedure and consistency. Following the procedure used in Ref. ||, we 
define the vacuum state |0) to be 



J-{y, k) I 0) = , and (0 | J + {y, k) = 0. 

To determine the coefficient c, we take the commutator of J + and each side of Eq. 
namely dylJ and : JU :. Here we consider the case y% 7^ y 2 and we suppress e. 

-h 1 



(37) 



JHyi,h),dy 2 U n {y 2 ,k 



2vr (yi - y 2 ) 2 
J?(ViM), ~ '■ Jn(V2,h) Un(y 2 ,k 2 ) : 



M hn U n (y 2 ,k 2 )5- kl - k2 /a 



(38) 



Jt{yiM),-Jti{V2,h) U n {y 2 M) + Uu n {y 2 M)) Tn (j n (y 2 ,k 2 )) Tn ) 



-% 2al . , ~ , — x _ , / h \ 2 2 



M hII U n (y 2 , k 2 )5 klk Ja+ — - — - M hn U n (y 2 , k 2 )5 klk2 /a 2 (39) 



2n(y 1 -y 2 ) 2 ^'"•\2kJ (y x - y 2 



-h . (h\ 2 2\ 1 



2« 2al+ \T,)-a) JK^f M "' ""^ k2)Shh/a m 



The consistency of ( ftED with Eqs. fl3"8|) and requires c = (2a/ — ^--) and we obtain 
(2«Z - |^~) <9 S k) = -J+(y, k) Uj(y, k) + (jUj{y, k)f (jf{y, k))^ . (41) 
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Then using Eqs. (f|l]), fl35| ) and (^) and following the procedure given in Ref. 0], we can 
straight forwardly derive the K-Z equation for the U fields, 



( a jf' + 2)fy, + - £ *S,S, (0 I Ui(Vi, h) ■ ■ ■ u N (y n , K) I 0) = , (42) 

or 

(-l(a K' + 2)9 5j - £ Ea ^ *s j5fc ) (0 | fci) • • • U N (Vn, K) | 0) = . (43) 

Notice that taking away the k dependence, we recover the K-Z equation of the quantum 
WZNW theory 

The solutions of this SDYM K-Z equation are expressible in terms of those of the 
WZNW K-Z equation, (0 | Qiiyi) ■ ■ ■ gNiVn) I 0), multiplied by unknown functions in k. 
For example 



(0 | Ui(yi,h)Uii(V2,h) I 0) = C 2 (h)(0 I 9i(yi)gn(V2) I o> ( ^ +2) 5- klk2 

+C 21 (ki, k 2 )(0 I ~gi{Vi) I 0> ( ok'+2)<0 I I 0) (a ^ +2) (1 - 5- kl - k2 ) , (44) 

(0 | Ui(yiM)Un(y2,h)Um(y3,h) I 0) 

= C 3 (ki)(Q | gi{yi)gn{y2)giii{yz) | 0)(aK>+2) k^Jhh 

lto3 

+ Z c 3j(h,kj)( I I o)(a^'+ 2 )(o | gK(yk)h{yi) I 0)^+2) ^(1 - <^.) 
+C 34 (fci, fc 2> ^0(0 I #j(f7i) I 0) (aK ' + 2)(0 I gn(y 2 ) I 0} (a ^ +2 )(0 | ^(jfe) I 0)( a A"+2) 

x (1 - %fc 2 )(l - ^ 1 S 3 )( 1 - 6 hh) > ( 45 ) 

(0 I ^{yiMWiii^MUniiyzMUiviyAM I 0) 
= c 4 (fci)(o I gi(yi)gii(y2)gm(y3)giv(m) I o) (aA -/ +2) 

1 to 4 

+ Z c< 4j(fcfc,%)(o I gj%) I o) (aE -/ +2 )(o I gK{yk)h{yi)gM{y m ) I 0)^+2) 

j^k^l^m 
1 to 4 

+ Z c 4i,jkim{kj,ki)(Q I ~gj{yj)g K {yk) I 0) (a #/ +2 )(0 | g L {yi)gM{y m ) I 0}( aif / +2 ) 
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1 to 4 

+ C 42,jklm{kj,k k ,k)(0 | gj(Vj) I 0)(oK'+2)(0 I ^if(yfc) I fy{aK'+2) 

x (0 | 9L(yi)9M(y m ) I 0)( ajR r' + 2) (i - S- kjh )5- kl - km (l - 6- kkh )(i - 5- kjkk ) 
4^43(^1,^2,^3,^4X0 I <?X£i) I 0)( a ^/ +2 )(0 I g n (y 2 ) I 0)( ajftr / +2 ) 

x (0 I gmim) I o)( ai c' +2 )(o I ^/yfe) I o) (aK / +2 ) 

x (1 - ^fc^X 1 - ^fc 1 fc 3 )( 1 _ ^SifeJC 1 - ^fefcsX 1 - ^hkji 1 - S hh) • ( 46 ) 

Taking away the ^-dependence (and all 5 k . kj = 1) , the correlation functions become pre- 
cisely those of quantum WZNW theory || . 

These solutions indicate that we can obtain much information for this 4-D quantum 
field theory; however, we can not obtain as much information as for the 2-D integrable 
system. The quantum SDYM theory has provided us a valuable example of how we can 
extract some exact and nonperturbative information from the theory. 
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Quantum-Group Current J^ q (y, k) and y-Global Quantum- Group Generators G(k) 

Similar to the construction of the current J~, Eq. (G3j), it is natural to construct the 
other current, 

J<*(y, k) = 2alU-\y, k)dyU(y, k), (47) 

which we shall call the quantum-group current since it has the quantum-group index on 
both sides. 

We can work out the algebraic relations among its matrix elements and with the fields U 
and U~ l , like Eqs. ( pip to (^3) for the J . They all have nice quantum-group interpretations. 
However, we find that J q is not as useful a quantity as the current J in that it can not 
be used to develop its vacuum states and the corresponding differential equations as the 
current J was used to develop the K-Z equations. On the other hand we find that the 
following group- valued quantities, G(k) and G A (y,k), are the appropriate quantum-group 
generators for further development of the theory. 

The |/-global quantum-group generator, denoted by G(k), is derived from the quantum- 
group current J q of Eq. ( f47|) by a path-ordered integration, 



G(k) = Pexp dy U(y, fc)) = U~\y = -oo, k) U(y = +00, k) . (48) 

Then, from the exchange algebras of the fields U and U^ 1 , Eqs. to (P7|), we can derive 
the algebraic relations among the matrix elements of G(k) and with the fields U and U" 1 , 

{R n ,i(q',+) Gj{h) R ItII (q',+)} G n (k 2 ) 

= G u {h) {Rn,i (<?', +) GiCh) Riji (?', +)} , (49) 

Gi(ki) U n {y 2 ,k 2 ) = U n (y 2 ,k 2 ) {R nj (q',+) G^h) R I>n (q',+)} , (50) 

Un\y2,h)Gi{h) = {Rn,i(q',+) Gi(h) R^n (q',+)} U^ifcM) • (51) 

where Riji(q', +) is the i?-matrix with e(yi — y 2 ) = +1. In these equations, we use the curly 
bracket to bracket elements together to make the content of the equation clearer. These 
three equations are the algebraic relations parallel to those of Eqs. (|2ID, Q25D, and Q50"P. 
Associativity of all these fields are true because the R matrix satisfies the Yang-Baxter 
relations (which can be shown after some quite involved algebras.) 
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The basic elements of the quantum-group generators {ei(k);i = 3 and ±} are related 
to the components of the matrix G(k) by 

G(k)=( 1 - 0\( q ~^) \(l( q -i- q )e„(k)\ 

G[k} '{(I- q 2 ) e + (k) 1 ) \ g*« ){o 1 ) ' 

where the e±(k) and q~ e3 ^ satisfy local quantum-groups algebras, which generalize those 

given in Ref. f7|. 

The y- Semi-local Quantum- Group Generator G A (y, k) 

Changing the integration range in Eq. (|48|) to a semi-local region we obtain the |/-Semi- 
local Quantum-Group Generator G A (y, k) quantum group generator: 

G A (y,k) = Pexp^ + \y' U~\y\k) d? U(y' ,k)^J 

= U-\y-&,k)U(y + &,k) . (53) 
We can easily show that G A satisfies the following algebras, 

{RjiAq'^i-m) Gf(y x ,h) Ri,n(q',m -m + 2A)} G A (y 2 ,k 2 ) 
= G A (y 2 ,h) {Rj} I (q',y 1 -y 2 -2A) G A {y l} h) Ri,ii(q',yi - m)} , (54) 

GfiyxM) Un(V2,h) 
= Uniih, h) {Rj}i(q', V1-V2- A) G A (y l7 h) Ri,n(q', Vi - m + A)} , (55) 

UE\ih,h) GfiVuh) 
= {Rjjj(q',yi — y 2 — A) G A (y u h) Ri,n(q',y~i - 2/2 + A)} \J u \y 2 M) ■ (56) 

We next split the semi-local generator into the annihilation and creation parts following 
a procedure similar to that used in Ref. ||, 

Gf (y,k) = [Gf+fakT^f-fak) > (57) 
and G A± (y, k) satisfies the following exchange algebras 

RiM> VI-V2- A) Gf Hm, h) G A± (y 2 , k 2 ) 

= G A± (y 2 ,k 2 ) G^iyuh) R^q' ,y x - y 2 - A) , (58) 
Ri,n(q',y~i ~m) G^ + (y u k x ) Gff(y 2 ,k 2 ) 

= G A r(y 2l k^Gf+i^, h) Ri,n{q', m-m- 2A) , (59) 
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Ui{yi,h) GnHv2,h) = G% k (y 2 ,k 2 ) Ui(yi,h) Ri,nW, Vi ~ V* ± A ) - ( 60 ) 



such that Eqs. (|54l) to (|56| ) are true. 
Notice that 

\£j(y + nA,k),G A (y,k)] =0 , (61) 

n 

which manifests what we call the fc-local sl A (n) ® £/ 1//A g[sl(n)] symmetry of the theory. For 
A — > oo, Eq. (|6lD becomes [J(y,k),G{k)\ = 0, manifesting the fc-local sl(n) <8> £/g[sl(n)] 
symmetry of the theory. For A — > 0, Eq. ( pT| ) becomes J q {y, k)] = 0, where = 

J J{y,k)dy = ^™ Q Y^=-oo[AJ{y + nA,k)] and J q {y,k) is from the coefficient of the 

— oo 

A-term in the expansion of Eq. (|53|), manifesting the fc-local sl(n) (g> U^°[s\(n)] symmetry 
of the theory. 

Quantum-Group Difference Equation of the Correlation Functions Defined in the \ q )- 
Vacuum 

Using Eq. (|57|), we rewrite Eq. as 
U(y + A,k) = U(y - A, k)G A (y, k) = U(y - A, k)[G A+ (y, k)\- x G*-{y, k) . (62) 



Now we want to move [G A+ (y, k)J to the left of U(y — A, k), since we shall consider the 
vacuum expectation values of the U fields by the vacuum | q ) defined by 

G A -(y, k) \0 q )=\ q ) , and (0, | G A+ (y, k) = (0 q \ . (63) 



To achieve that feat first we use Eq. (^0|) for y\ — y — A and y^ — y and interchange its 
r.h.s. and l.h.s., 

G A +(y, k) Uj(y - A, k) Rjjj(0) = Uj(y - A, k) G A+ (y, k). 
Multipling it by (Gn + (y, kfj from both sides, we obtain 
Uj(y-A,k) R I>n (0) (Gf+iyM' 1 = (G A+ (y, k))^ Uj(y - A,k). 



Taking transpose in tensor / space, we obtain 
RZii^Upiy-A^k) (Gf+iy^y 1 = (Gfrfak))' 1 U?(g-A,k). 
Multiplying it by (-Rjj-j(O)) from left, it becomes 

U?{y-A,k) (G A+ {y,k)Y l = (Rj' II (0)Y 1 (G A+ (yM~ 1 Uj I (y-A,k). 



Taking transpose in tensor / space, we obtain 
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Uj(y-A,k) (Gf/^fc))" 1 = ((i^(0))" 1 (Gj + (y,fc))" 1 t^(y-A l fc) 
Taking trace in tensor 77 space, it becomes 

(^(0))" 1 (Gf+(y, k))' 1 Up(y - A, k)) T ' Pjjj- 



Ui(y - A, k) {Gf + (y,k)) = Tr n 
Using the fact : (X T ) T = X, we obtain 



Tr 



u 



l\ T n ~ 



Gfr + (y, k)) J l(R% n (0)) ) U?(y - A, k)\ P IM 



TiT„ 



Using (Piji) TlTn = Pi,n, h becomes 



= Tr n 

Moving Pi u inside, we obtain 



PiAiG^^k) 



RYjM) U^(y-A,k) 



TiT n 



(Gf+^DX 1 ) 1 ^TruP^^R^MYyjUpiy-^ ■ (64) 



we finally reach 

U(y + A,k) 



G A+ {y,k)Y ) rU T (y-A,k)) G A -(y,k) 



(65) 



where the superscript T means matrix transpose ( but the order of the operator stay the 
same) ; T = q r2 ^ ,_ 2 x diag(q',q'' 1 ), which results from 



?i=(Tr)j I (p I)II (((R I)II (q',0)) Tl ) ^ , (66) 

where the superscripts Tj and Tjj indicate the transpose of matrices in the tensor spaces / 
and II respectively. 

Using Eqs. (f49|) and (|50|) , we obtain the difference equation for correlation function 
(0, | Ui(yi, h) ■ ■ ■ Ul(Vi + 2A, fc,) • • ■ U N (y n , k n ) \ %) 

= {o q I Ui{yi, h) • ■ ■ u L (y h h)--- U N {y n , K) I o q ) 
xRl,l~i (</, Vi - Vi-i) ■ ■ ■ RL,i(q', Vi - Vi) T L R L:N (q 1 , m-y n + 2A) 

■■■R L)L+1 {q', yi -y l+1 + 2A) . (67) 

For the special case of "+2A" being at y n , Eq. (|67f) simplifies to the following cyclic relation 

(0, | u^m, h) ■ ■ ■ U N (y n + 2A, k n ) I Og) 
= (0 q I U N (y n , k n )Ui(yi, ki) ■ ■ ■ UN-i(y n -i, k n -i) I q )T N . (68) 
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For the two point function, Eq. flSTD becomes 



(o, | UjimMWnim + 2A,k 2 ) I o q ) 



(69) 



Multiplying Eq. (|69|) from the right by Vt 2= o and using the fact (0 q \ UiUn \ q )Vj 12=0 = 
(0 q | UiUn I q ), which can be shown using the definition of | q ) given by Eq. (^), whereby 
Eq. flBTf ) becomes 



(0, | U I (y 1 ,k 1 )Un(m + 2A,k 2 ) | 9 ) 
= (0, I Ui(yi,h)U n (y 2 ,k 2 ) | 0,) q' 



-A £(yi-g 2 ) <?' + q 



i-i 



q' 2 + q 



1-2 



(70) 



where the last factor on the right is from Vt 2= o Ri,n{y\— V2)^ iiP]^=q = Vj 12=Q q' A ° e(jrt y2) (b/ a) 
with b/a = (q' + g /_1 )/(g' 2 + q'~ 2 ) = {{2}' q ) 2 / '[4]' q and the fact that V]' 12=0 multiplying the 
vacuum expectation value becomes unit. 

Its solution can be easily found and written in the following form: 



(0q | U I (y 1 ,k l )U II {y 2 ,k 2 ) | q ) = S^^k^Exp 

\Vi ~ 2/2 



Vx ~ V2 \ , ( q' + q 
In 



i-i 



+ 2E 



n=l 



2A 



n 



2A 7 ' Vg' 2 + q'- 2 
ln(q fA °)\ + (1 - S-^A^hM) 



+ 



m - m 

2A 



(71) 



where A and Ai are arbitrary functions; 9{x) = 0, ~, 1 for x < 0, x = 0, x > 0, respectively. 
This expression for the solution is continuous in the y% — y 2 > region. For expressing the 
solution in a function that is continuous the y~i — y 2 < region, we replace S^Li - ► 
in the square bracket of the above equations. 

Taking away the fc-dependence (and all S^. = 1) , the correlation functions become 
precisely those of quantum WZNW theory || . 
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